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In this paper, we study the angular part of the internal amplitude function of a dia-
tomic molecule under an angular potential function depending only on cos θ and which
is an entire even function on R. For the equation
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we obtain a formula for the eigenvalues and we determine the corresponding eigenfunc-
tions.

0. Introduction

We consider a diatomic molecule in the gas state. The time-independent
Schrödinger equation of a two-particle system is

∑2
i=1

–h2

2mi
∇2
i ψ + (E − V )ψ = 0

where E (resp. V ) is the total (resp. potential) energy of the system. Separating
the motion of the center of mass under the assumption that the total energy E
is the sum of that of the system relative motion and that of the center of mass
translational motion and likewise the potential energy of the system is the sum
of the external potential acting on the system concentrated at its center of mass
and the internal potential which controls the interaction of the two particles we
arrive at the equation

–h2

2µ∇2ψ + (E−V )ψ = 0 where now, by abuse of notation,
E (resp. V ) is the total (resp. potential) energy of the system relative motion and
ψ , again by abuse of notation, is the internal amplitude function and µ = m1m2

m1+m2

is the reduced mass of the system.
We express the last equation in spherical coordinates r, θ , and we assume

the potential energy to be the sum of a central potential depending only on r

and an angular potential depending only on cos θ . By separation of variables we
concentrate on the angular dependence of the internal amplitude function which
takes the form [5, chapter 5]

1
sin θ

d
dθ

(
sin θ

dψ
dθ

)
+
(
λ− V (cos θ)− m2

sin2
θ

)
ψ = 0,

523

0259-9791/06/0500-0523/0 © 2006 Springer Science+Business Media, Inc.



524 G. Michael / Singular Sturm–Liouville problem

where m is the magnetic quantum number and ψ (resp. V (cos θ)) is now, again
by abuse of notation, the θ -dependent amplitude function (resp. potential func-
tion). Substituting z = cos θ , we arrive at the equation

d
dz
((1 − z2)ψ ′)+

(
λ− V (z)− m2

1 − z2

)
ψ = 0.

We will give a detailed mathematical analysis of this equation when V is an
entire even function in R and we determine the eigenvalues and the correspond-
ing eigenfunctions. Note that this equation with a quadratic V is also obtained
on analyzing the Schrödinger equation of an electron in the field of two protons
at rest (the ion H+

2 ) [4, p. 279].
In mathematical terms our problem is to study the following Singular

Sturm–Liouville problem:

Determine all λ ∈ C such that w′′ + p(z)

1 − z2
w′ + q(z)

(1 − z2)2
w = 0, (0.1)

where p(z) = −2z, q(z) = −k − (V (z) − λ)(1 − z2) with k � 0 and V (z) real
-valued entire even function in R, admits a non- trivial bounded complex-valued
solution φλ in −1 < z < 1. These λ’s are called the eigenvalues of the Sturm–
Liouville problem and the φλ’s are the corresponding eigenfunctions. Note that
V (z) = ∑

n�0 α2nz
2n entire power series where α2n are real for n � 0.

The paper is divided into two sections. In section 1, we obtain a character-
ization of bounded solutions in terms of the corresponding eigenvalue in propo-
sition 1.2 and theorem 1.5. In section 2, the work in section 1 will enable us to
give a formula for the eigenvalues and the final solution of our problem is given
in theorem 2.7. There is an appendix A that contains some detailed computa-
tions that are needed for our final solution so as not to interrupt the presenta-
tion in the two sections.

1. Characterization of bounded solutions

We study equation (0.1) in the complex plane. Set w =
(
w

w′

)
and transform

equation (0.1) to the vector form

w′ =
(

0 1
−q(z)
(1−z2)2

−p(z)
1−z2

)
w. (1.1)

According to the basic theory of linear differential equations the solutions
of equation (1.1) in the simply connected domain H = C−{x ∈ R: |x| � 1} form
a two-dimensional vector spaces over C and {±1} are regular singular points for

equation (1.1). We call any two linearly independent solutions u =
(
u1

u2

)
and
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v =
(
v1

v2

)
of equation (1.1) fundamental solutions of equation (1.1) and

(
u1 v1

u2 v2

)

a fundamental matrix of equation (1.1) and, by abuse of notation, we also call
u1, v1 fundamental solutions of equation (1.1).

We study the solutions near −1. A similar argument holds near +1. Set

w1 =
(

w

(1 + z)w′

)
so that

w1 = 1
1 + z

(
0 1

−q(z)
(1−z)2 1 − p(z)

1−z

)
w1 = A(z)w1 (1.2)

and A(z) has a simple pole at −1. An application of Floquet theorem shows
that a fundamental matrix M(z) for (1.2) in {z ∈ H : |z + 1| < 2} is given
by [1, p. 392] M(z) = S(z) eB log(1+z) where S(z) is the restriction of an invert-
ible analytic matrix in {z ∈ C : 0 < |z + 1| < 2} that has at most a pole at

−1 and B =
(
λ1 0
0 λ2

)
or

(
λ 0
0 λ

)
so that equation (0.1) has at least one solu-

tion in {z ∈ H : |z + 1| < 2} of the form (z + 1)ρv(z) where v is analytic in
{z ∈ C : |z+ 1| < 2} and v(−1) �= 0.

Substituting w(z) = (z + 1)ρv(z) in equation (0.1) and comparing coeffi-
cients we obtain the indicial equation ρ(ρ − 1) + ρ

p(z)

1−z + q(z)

(1−z)2 = 0 at z =
−1, hence ρ = ±

√
k

2 . Therefore, u1(z) = (1 + z)
√
k/2L(z) and v1(z) = (1 +

z)−
√
k/2T (z) + cu1(z) log(1 + z) with L, T analytic in {z ∈ C : |z + 1| < 2}

and both L(−1), T (−1) �= 0, are fundamental solutions of equation (0.1) in
{z ∈ H : |z + 1| < 2}. Note that c = 0 if k �= m2,m ∈ Z+ and c = 1 if k = 0
(since the Wronskian of a fundamental matrix is a non-zero multiple of 1

1−z2 ).
In the next set of propositions we shall investigate the nature of the eigen-

values and the eigenfunctions of our Sturm–Liouville problem.
If λ is an eigenvalue of our problem and if φλ is a corresponding eigen-

function, then by the above analysis φλ is the restriction to (−1, 1) of a solution
of the extension of equation (0.1) to the complex plane which is analytic in
H [2, p. 287].

Proposition 1.1. Let λ, φλ be as above, then:

(a) φλ is the unique such eigenfunction up to scalar multiplication.

(b) lim
z→±1
−1<z<1

φλ(z)(1 − z2)−
√
k/2 both exist and are non-zero.

In particular, φλ extends by continuity to [−1, 1].

(c) lim
z→±1
−1<z<1

φ′
λ(z)φλ(z)− φ′

λ(z)φλ(z) = 0

(d) λ ∈ R.
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Proof. Assertion (a) is clear and we have φλ(z) = (1 − z)
√
k/2X(z) for z ∈ {z ∈ H :

|z−1| < 2} andφλ(z) = (1+z)
√
k/2Y (z) for z ∈ {z ∈ H : |z+1| < 2} whereX(resp.Y )

is analytic in {z ∈ C : |z− 1| < 2} (resp. in {z ∈ C : |z+ 1| < 2}) andX(1) �= 0 (resp.
Y (−1) �= 0) so that lim

z→±1
−1<z<1

φλ(z)(1 − z)
√
k/2 and lim

z→±1
−1<z<1

φλ(z)(1 + z)
√
k/2 exist and are

non-zero, hence we have (b). Also φ′
λ(z)φλ(z)− φ′

λ(z)φλ(z) = (1 − z)
√
k(X′(z)X(z)−

X′(z)X(z)) for −1 < z < 1 hence lim
z→(±1)∓

φ′
λ(z)φλ(z)− φ′

λ(z)φλ(z) exist.

Write equation (0.1) in the form ((1 − z2)w′)′ + q(z)

(1−z2)2
w = 0. Multiply this

equation by w̄ and its conjugate by w, subtract the resulting equations and inte-
grate from r to r, 0 < r < 1, we get (1 − r2)(w̄′w − w′w̄)|r−r = (λ − λ̄)

∫ r
−r w

2dz.
Take limit as r → 1−, then by the above we get (d). Now we may assume from
equation (0.1) that φλ is real -valued for −1 < z < 1, hence (c) is clear.

Now we investigate the solutions of equation (0.1) in the unit disc U =
{z ∈ C : |z| < 1} for any λ ∈ C. Let w = w(z, λ) be such a solution and put
w = u(1 − z2)

√
k/2 in equation (0.1) to get

(1 − z2)u′′ − 2(
√
k + 1)zu′ − (V (z)+ k +

√
k − λ)u = 0. (1.3)

Note that u(0) = w(0), and u is analytic in U. Let u(z) = ∑
s�0 asz

s in U and
set bs = a2s and cs = a2s+1 for s � 0. Substituting in equation (1.3) we get the
following two linear difference equations for all s > 0

2s(2s − 1)bs − ((2s − 2)2 +M(2s − 2)− λ′)bs−1 −
s−1∑
m=1

α2mbs−m−1 = 0,

(2s + 1)2scs − ((2s − 1)2 +M(2s − 1)− λ′)cs−1 −
s−1∑
m=1

α2mcs−m−1 = 0,

where M = 2
√
k + 1 and λ′ = λ− α0 − k − √

k.
Solving this system of difference equations by Cramer’s rule we get

bs = b0
(2s)! det(Bs − Iλ′) and cs = c0

(2s+1)! det(Cs − Iλ′) where

Bs =

⎡
⎢⎢⎢⎢⎢⎢⎣

θs α2 · · · α2(s−1)

as−1 · · · · ·
· · · · ·

· · · ·
· · α2

a1 θ1

⎤
⎥⎥⎥⎥⎥⎥⎦
, Cs =

⎡
⎢⎢⎢⎢⎢⎢⎣

θ ′
s α2 · · · α2(s−1)

a′
s−1 · · · · ·

· · · · ·
· · · ·
· · α2

a′
1 θ ′

1

⎤
⎥⎥⎥⎥⎥⎥⎦
,

ai = −2i(2i − 1), θi = (2i − 2)2 + 2(i − 1)M and

a′
i = −2i(2i + 1), θ ′

i = (2i − 1)2 + (2i − 1)M.
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Let β(s)i (resp. γ (s)i ), 1 � i � s, be the eigenvalues of Bs (resp. Cs) arranged
such that Re β(s)1 � Re β

(s)

2 � · · · � Re β(s)s (resp. Re γ (s)1 � Re γ
(s)

2 � · · · �
Re γ (s)s ).

Let φ0(z, λ) = (1 − z2)
√
k/2∑

s�0 bsz
2s, b0 �= 0 and

φ1(z, λ) = (1 − z2)
√
k/2z

∑
s�0 csz

2s, c0 �= 0, then φ0, φ1 is a fundamental sys-
tem of solutions of equation (0.1) in U.

Proposition 1.2. λ eigenvalue for our problem iff either φ0(z, λ) or φ1(z, λ) is
bounded on (−1, 1).

Proof. The if part is clear. Suppose that λ is an eigenvalue for our problem then
we may assume that φλ(z) = φ1(z, λ)+b−1

0 φλ(0)φ0(z, λ) in U. If φλ(0) = 0 we are
done, otherwise φ0(z, λ) = b0

2φλ(0)
(φλ(z)+ φλ(−z)) is bounded on (−1, 1).

According to propositions 1.1 and 1.2 we may assume that the eigenfunc-
tion φλ(z) corresponding to the eigenvalue λ is a real-valued continuous function
on [−1, 1] which is either even with φλ(0) > 0 or odd with φ′

λ(0) > 0 and that∫ 1
−1 φ

2
λ dz = 1. This determines φλ(z) uniquely. We shall make this assumption

henceforth.
Now we turn to the characterization of the eigenvalues (theorem 1.5). We

shall need the following lemmas.

Lemma 1.3. Suppose that
∑

s�0 dsz
2s has a radius of convergence � 1 and that

this series is bounded on (−1, 1), then

1. lim inf
s→∞ s Re ds � 0, lim sup

s→∞
s Re ds � 0 and

2. lim inf
s→∞ s Im ds � 0, lim sup

s→∞
s Im ds � 0.

In particular, if lim
s→∞ s ds exists it must equal to zero.

Proof. Clearly we may assume ds real for all s. We will show that lim inf
s→∞ s

ds � 0 and a similar proof holds for the lim sup result.
Suppose lim inf

s→∞ s ds > 0, then there exists some c > 0 such that ds �

s−1c for s � s0 � 1. Let Ms0 = sup
−1�z�1

∣∣∣∑s0−1
s=0 dsz

2s
∣∣∣ and sup

−1<z<1

∣∣∣∑s�0 dsz
2s
∣∣∣ �

L < ∞ so that for all −1 < z < 1 we have L �
∣∣∣∑s�s0 dsz

2s
∣∣∣ − Ms0 �

c
∑

s�s0 s
−1z2s − Ms0 . But

∑s0+m
s=s0 s

−1 > 2c−1(Ms0 + L) for some m � 1 so that∑s0+m
s=s0 s

−1z2s > 2c−1(Ms0 + L) for 0 � 1 − z2 � δ < 1 which is absurd.
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Lemma 1.4. Let α > 0 and suppose f (z) = ∑
s�0 dsz

2s where the series has a
radius of convergence � 1 and lim

s→∞s
1−αds = 0, then lim

r→(±1)∓
(1 − r2)αf (reiθ ) = 0

uniformly for 0 � θ � 2π .

Proof. Since lim
s→∞

s!sα−1

α(α+1)...(α+s−1) = �(α), we have
∣∣∣ s!sα−1

α(α+1)...(α+s−1)

∣∣∣ � L < ∞ for
s � 1.

Let ε > 0 and let |s1−αds | < ε
3L for s � s0 � 1 and max

1�s�s0

∣∣∣s1−αds
∣∣∣ = L1 and

∑s0
s=1

α(α+1)...(α+s−1)
s! < ε

3LL1
(1 − r2)−α and

∣∣∣(1 − r2)αd0

∣∣∣ ε3 for 0 < 1 − δ < |r| < 1 so

that |f (reiθ )| =
∣∣∣d0 +∑

s�1
s!sα−1

α(α+1)...(α+s−1) · (α(α+1)...(α+s−1)
s! r2s)e2iθss1−αds

∣∣∣ � ε
3(1 −

r2)−α + L
(
L1
∑s0

s=1
α(α+1)...(α+s−1)

s! + ε
3L(1 − r2)−α

)
< ε(1 − r2)−α for 0 < 1 − δ <

|r| < 1 and all 0 � θ � 2π .

Theorem 1.5. φ0(z, λ
′) is bounded on (-1,1) iff lim

s→∞s
1−√

kbs(λ
′) = 0 and φ1(z, λ

′) is

bounded on (−1, 1) iff lim
s→∞s

1−√
kcs(λ

′) = 0.

Proof. We shall prove the first statement and the proof of the second one is similar.
⇒Suppose thatφ0(z, λ

′) is bounded on (−1, 1) thenλ′ is real and
∑

s�0 bs(λ
′)z2s

is bounded on (−1, 1) by proposition 1.1. Now lemma 1.3 gives lim inf
s→∞ sbs(λ

′) �
0 and lim sup

s→∞
sbs(λ

′) � 0. By theorem A.8 lim
s→∞ s

1−√
kbs(λ

′) exists so that if

lim
s→∞ s

1−√
kbs(λ

′) > 0 then bs(λ
′) > 0 for s � s0 and 0 < lim

s→∞ s
1−√

kbs(λ
′) �

lim inf
s→∞ sbs(λ

′) � 0 which is absurd, and if lim
s→∞ s

1−√
kbs(λ

′) < 0 then there exists

some c > 0 such that s1−√
kbs(λ

′) < −c for s � s1 and sbs(λ′) < −cs
√
k � −c for

s � s1 and lim sup
s→∞

sbs(λ
′) � −c < 0 which is absurd also.

⇐ Suppose lim
s→∞ s

1−√
kbs(λ

′) = 0 then for k > 0 lemma 1.4 gives lim
r→(±1)∓

(1 −
r2)

√
k
∑

s�0 bs(λ
′)r2s = 0. Therefore, (1−z2)

√
k
∑

s�0 bs(λ
′)z2s = (1−z2)

√
k/2φ0(z, λ

′)
and φ0(z, λ

′) has no unbounded terms near z = ±1. If k = 0, let
∑

s�0 bs(λ
′)z2s =

α1L(z)+ α2(M(z)+ L(z) log(1 + z)) in U. Differentiating we get

2
z

∑
s�0

sbs(λ
′)z2s = α1L

′(z)+ α2

(
M ′(z)+ L(z)

1 + z
+ L′(z) log(1 + z)

)

and since lim
s→∞sbs(λ

′) = 0, lemma 1.4 gives lim
r→(−1)+

(1 − z2)
∑

s�0 sbs(λ
′)z2s = 0 hence

α2 = 0 andφ0(z, λ
′) is bounded near z = −1 and, by a similar argument, near z = +1

as well.
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2. Computation of the eigenvalues and eigenfunctions

In this section, we follow [3, p. 1473] and show that the eigenvalues form a
strictly increasing sequence of real numbers λ0 < λ1 < · · · < λn < · · · such that
lim
n→∞λn = ∞ and that φλn has precisely n zeros in (−1, 1), theorem 2.4. This will

enable us to formulate our final solution of the problem in theorem 2.7.
Let w−1(z, λ) be a bounded solution of equation (0.1) near−1. Note that

w−1(z, λ) has only finitely many zeros in (−1, 1), all are simple, since otherwise
these zeros would accumulate at +1 and w−1(z, λ) cannot coincide near +1 with
any bounded or unbounded solution of equation (0.1). w we may also assume
that w−1(z, λ) is real-valued on (−1,1) for λ real.

Let Jn = {λ ∈ R : w−1(z, λ) has exactly n zeros in (−1, 1)} and write equa-
tion (0.1) } in the form

((1 − z2)w′)′ + q1(z)w = 0, (2.1)

where q1(z)= q(z)

(1−z2)2
.

Proposition 2.1. Let λ1 < λ2; λ1, λ2 ∈ R and let x1 be the smallest zero of
w−1(z, λ1) in (−1,1),then w−1(z, λ2) has a zero in (−1, x1) and the nth zero of
w−1(z, λ2) is less than the nth zero of w−1(z, λ1) in (−1,1).

Proof. We shall prove the first statement. The second one follows from it and
the comparison theorem [1, p. 434].

Let wi = w−1(z, λi), i = 1, 2 and suppose w1 and w2 > 0 on (−1, x1). Mul-
tiply equation (2.1) for w1 by w2 and the same equation for w2 by w1, subtract
and integrate from r to x1, −1 < r < x1, we get (1 − z2)(w′

1w2 − w′
2w1)|x1

r =
(λ2 − λ1)

∫ x1

r
w1w2 dz. Note that lim

z→(−1)+
(1 − z2)w′

1w2 = lim
z→(−1)+

(1 − z2)w′
2w1 so

that (1 − x2
1)w

′
1(x1)w2(x1) = (λ2 − λ1)

∫ x1

−1w1w2 dz > 0 while the L.H.S. is � 0
which is absurd.

Corollary 2.2.

1. J0 �= Ø.

2. {n ∈ Z+ : Jn �= Ø} is unbounded above.

3. λ1 ∈ Jn, λ2 ∈ Jm, n < m ⇒ λ1 < λ2 so that Jn is an interval in R.

4. Jn is a left open and right closed interval in R for all n � 0.

5. Jn contains at most one eigenvalue for all n � 0.
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Proof. 1. Suppose that J0 = Ø and let x1 be the smallest zero of w = w−1(z, λ)
for λ < min

−1�x�1
V (x) in (−1,1). Multiply equation (2.1) by w and inte-

grate from r to x1, −1 < r < x1, we get (1 − z2)w′w|x1
r � ( min

−1�x�1
V (x)−

λ)
∫ x1

r
w2dz. As r → (−1)+we get

∫ x1

r
w2 dz � 0 which is absurd.

2. Let k < L ∈ Z+, then for all n ∈ Z+, q1(z, λ) > − L2

L−z2 +(n+L)(n+L+1)

for λ � λ∗ = λ∗(n). Note that w = (1 − z2)
L
2 dL

dzL (Pn+L+1(z)) is a solu-

tion for ((1 − z2)w′)′ +
(
− L2

1−z2 + (n+ L+ 1)(n+ L+ 2)
)
w = 0, where

Pn+L+1(z) is the Legendre polynomial of degree n+L+ 1, so that w has
n + 1 zeros in (−1, 1) and w−1(z, λ) has at least n zeros in (−1, 1) for
λ � λ∗ by the comparison theorem [1, p. 434].

3. Suppose λ1 ∈ Jn, λ2 ∈ Jm, n < m and λ2 < λ1 then by proposition 2.1
w−1(z, λ1) has at least m zeros in (−1, 1) which is absurd.

4. It suffices to prove that Jn is right closed for all n � 0. Let
λ = sup Jn < ∞ by 2 + 3. Suppose λ /∈ Jn so that w−1(z, λ1) has at least
n+1 zeros in (−1, 1). Since w−1(z, λ) is analytic in U×C [2, p. 299] and
(w−1(z, λ))

– = w−1(�z, λ) for z ∈ U and λ ∈ R then for λ′ ∈ R, |λ−λ′| <
r for some r > 0, w−1(z, λ

′) would have at least n+ 1 zeros in(−1,1) [2,
p. 248] which is absurd.

5. Suppose λ1, λ2 eigenvalues in some Jn, n � 0, λ1 < λ2 and let wi,
i = 1, 2, be the corresponding eigenfunctions. If n = 0, wi are even solu-
tions by proposition 1.2 for i = 1, 2, hence (1 − z2)(w′

1w2 − w′
2w1)|0−1 =

(λ2 − λ1)
∫ 0
−1w1w2 dz gives (λ2 − λ1)

∫ 0
−1w1w2 dz = 0 which is absurd. If

n > 0, let −1 < x1 � 0 be the least zero of w1 in(−1, 1) then, whether we
have even or odd eigenfunction according to the parity of n, by propo-
sition 1.2, w2 would have at least n + 1 zeros in (−1, 1) by proposition
2.1 + the comparison theorem [1, p. 434], which is absurd.

Now for all s � 1, define νs :
⋃
n�s

Jn →(−1, 1) by νs(λ) = the sth zero of

w−1(z, λ) in (−1, 1).

Lemma 2.3. For all � 1

1. νs is a strictly decreasing continuous function.

2. Let λs−1 = inf
⋃
n�s

Jn, then lim
λ→(λs−1)+

νs(λ) = +1 and Js �= Ø.

3. lim
λ→∞

νs(λ) < 0.
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Proof. 1. Clearly νs is strictly decreasing by proposition 2.1 and the analyticity
of w−1(z, λ) on U×C [2, p. 299] shows that νs is upper semicontinuous
by [2, p. 248]. Let λ0 ∈ ⋃

n�s
Jn and λ0 < λ, then for all λ′ < λ we have

ν1(λ
′) > ν1(λ) by proposition 2.1, hence [2, p. 248] shows further that νs

is lower semicontinuous.

2. If s = 1 suppose that lim
λ→(λ0)+

ν1(λ) = a < 1 hence w−1(a, λ0) = 0 and

λ0 = sup J0 which is absurd.

Let λ0 < λ and let x be the largest zero of w−1(z, λ) in (−1, 1), then there
exists λ0 < λ1 < λ such that x < ν1(λ1) < 1 and λ1 ∈ J1 by the compari-
son theorem [1, p. 434]. Assume by induction that lim

λ→(λs−1)+
νs(λ) = +1 and

Js �= Ø for s � s0, s0 � 1. If lim
λ→(λs0 )

+
νs0+1(λ) = a < 1, then λs0 = sup Js0

and w−1(a, λs0) = 0 and νs0+1(λ) < νs0(λs0) for all λ > λs0 since otherwise
νs0(λs0) � νs0+1(λ) for some λ > λs0 gives νs0(λs0) < a and λs0 ∈ Jn for
some n � s0 + 1 which is absurd.

Let m < min(ν1(λs0) + 1, 1 − νs0(λs0)), then by 1+[2, p. 248] there exists
some r > 0 such that for all λs0 � λ′ < λs0 + r all the zeros of w−1(z, λ

′) in
(−1, νs0(λs0)+m) belong to (ν1(λs0)−m, νs0(λs0)+m) and they are exactly
s0 in number which is absurd for λs0 < λ by the above.

Now the same argument as in the s = 1 case shows that Js0+1 �= Ø.

3. Let k < L ∈ Z+ and note that d2L

dz2L
P2n+2L+2(z) has n + 1 zeros in (−1, 0),

hence, by the comparison theorem [1, p. 434], w−1(z, λ) for λ � λ∗ has at
least n zeros in (−1,0) as in corollary 2.2 part 3 and νn(λ) > 0 for λ � λ∗.

Theorem 2.4. The eigenvalues form a strictly increasing sequence of real numbers
λ0 < λ1 < · · · < λn < · · · such that lim

n→∞λn = ∞ and the corresponding eigen-

function φλn has exactly n zeros in (−1, 1) for all n � 0.

Proof. It suffices by corollary 2.2 and Lemma 2.3 to show that each Jn contains
an eigenvalue.

By lemma 2.3 for all s � 1 there exists some λ∗
s such that νs(λ∗

s ) = 0 and
w−1(0, λ∗

s ) = 0 so that w−1(z, λ
∗
s ) = φ1(z, λ

∗
s ) and λ∗

s is an eigenvalue. Note that
w−1(z, λ

∗
s )has 2s−1 zeros in (−1, 1) andλ∗

s ∈ J2s−1. Now for s � 1 letλ∗
s andλ∗

s+1, be
the eigenvalues in J2s−1 and J2s+1, respectively, then w−1(z, λ

∗
s ) = w−1(z, λ

∗
s+1) = 0

hence there exists some λ∗
s < λ < λ∗

s+1 such that w′
−1(0, λ) = 0 and w−1(z, λ) =

φ0(z, λ) and λ eigenvalue ∈ J2s .
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Suppose that w′
−1(0, λ) has no zeros for λ � λ∗

1 and let w′
−1(0, λ) > 0 for

λ � λ∗
1, then since w−1(0, λ∗

1) = 0 we have w′
−1(0, λ)w−1(0, λ) < 0 for λ � λ∗

1.
Let w = w−1(z, λ) and multiply equation (2.1) by w and integrate from r to 0,
−1 < r < 0, we get (1 − z2)w′w|0r �

(
min

−1�x�1
V (x)− λ

) ∫ 0
r
w2 dz and as r → (−1)+

we get w′(0)w(0) �
(

min
−1�x�1

V (x)− λ
) ∫ 0

−1w
2 dz > 0 for λ < min

−1�x�1
V (x) which is

absurd if λ � λ∗
1.

Remark 2.5. The eigenfunctions (φλ) actually form a Hilbert basis of L2([−1, 1]).
This can be seen as follows.

Let D = {w ∈ C2((−1, 1)) : w, (1 − x2)w′, (1 − x2)2w′′ all extend by conti-
nuity to [−1, 1]} and define the linear operator L : D → C([−1, 1]) by

Lw = [((1 − x2)w′)′ − (k(1 − x2)−1 + V (x)− λ0 + 1)w](1 − x2).

Note that ker L = 0 and that D is dense in L2([−1, 1]).
Let w−1(x, λ) (respectively, w1(z, λ)) denote a bounded solution of equation

(0.1) near −1 (respectively, +1) and construct the Green function

G(x, y) =
{
cw−1(x, λ0 − 1)w1(y, λ0 − 1), x � y � 1
cw−1(y, λ0 − 1)w1(x, λ0 − 1) −1 � y � x

}
,

where (1−x2)(w′
1(x, λ0 −1)w−1(x, λ0 −1)−w1(x, λ0 −1)w′

−1(x, λ0 −1)) =non-zero
constant= c−1.

Observe that k±1(λ) =
∫ 1

−1

∣∣∣∣∣
(1 ± y)

√
k/2w±1(y, λ)

(1 ∓ y)
√
k/2

∣∣∣∣∣
2

dy < ∞ and let

k(λ) = max(k−1(λ), k1(λ)) so that
∫ 1

−1
dx
∫ 1

−1
|G(x, y)|2dy

= c2
∫ 1

−1
dx[

∫ x

−1
|w−1(y, λ0 − 1)w1(x, λ0 − 1)|2dy

+
∫ 1

x

|w−1(x, λ0 − 1)w1(y, λ0 − 1)|2dy]

� c2k(λ0 − 1)

×
∫ 1

−1

⎡
⎣
∣∣∣∣∣
(1 + x)

√
k/2w1(x, λ0 − 1)

(1 − x)
√
k/2

∣∣∣∣∣
2

+
∣∣∣∣∣
(1 − x)

√
k/2w−1(x, λ0 − 1)

(1 + x)
√
k/2

∣∣∣∣∣
2
⎤
⎦ dx

� 2c2(k(λ0 − 1))2 < ∞
and G defines a compact operator, which we also denote by G, on L2([−1, 1])
via f → ∫ 1

−1G(x, y)f (y) dy. Note that if f is a continuous function with com-
pact support in (−1, 1), then G(f ) ∈ D hence G(L2([−1, 1]) ⊆ D [2, p. 318] and
for all f ∈ L2([−1, 1]) we have LG(f ) = (1 − x2)f and ker G = 0.
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Now λ eigenvalue with eigenfunction φλ iff Lφλ = (λ0 − 1 − λ)(1 − x2)φλ iff
(λ0 − 1 − λ)−1 eigenvalue of G with eigenfunction φλ hence (φλ) form a Hilbert
basis of L2([−1, 1]) [2, p. 331].

Proposition 2.6. For all i � 1, lim
i�s→∞

β
(s)
i (respectively, lim

i�s→∞
γ
(s)
i ) exists and {λ′

2n :

n � 0} =
{

lim
i� s→∞

β
(s)
i : i� 1

}(
respectively, {λ′

2n+1 : n � 0} =
{

lim
i� s→∞

γ
(s)
i : i � 1

})
.

Proof. We will prove the statement about the β’s and the statement about the
γ ’s is proved similarly.

Note that if lim
i�s→∞

β
(s)
i exists for all these must be even eigenvalues by theorem’s

1.5 and A.8 and we have lim
i�s→∞

β
(s)
i � lim

i�s→∞
β
(s)
j for 1 � i � j so that an even

eigenvalue is really lim
i�s→∞

β
(s)
i for some i � 1 by theorems A.8 and 1.5 again, hence

it suffices to prove that lim
i�s→∞

β
(s)
i exists for all i � 1.

For i = 1 let λ′
0 be the minimum eigenvalue by theorem 2.4 so that by Theorems

1.5 and A.8 for all r > 0, |λ′
0 − β

(s)
j | < r for some 1 � j � s and for all s � s0 � 1,

hence |λ′
0 − β

(s)
j | < r for all s � s1 � s0 since otherwise we have (2(i − 1))2 + 2(i −

1)M−2(i−1)(2i−3)−∑j�1 |α2j | > λ′
0 for i � i0 and Gershgorin theorem shows that

for some subsequence sm, β
(sm)

1 converge to x where |x − λ′
0| � r0 > 0 and Rex � λ′

0
so that by theorem’s 1.5 and A.8 and Proposition 1.1 we get x � λ′

0 − r0 � λ′
0 which

is absurd by choice of λ′
0.

Assume by induction that limi�s→∞ β
(s)
i exists for i � i0, i0 � 1 and let

m =
∣∣∣{ lim

i�s→∞
β
(s)
i : i � i0

}∣∣∣ so that {λ′
2n : 0 � n � m − 1} =

{
lim

i�s→∞
β
(s)
i : i �

i0

}
. theorems 1.5 and A.8 and Induction hypothesis show that for all 0 � r �

r1,

∣∣∣λ′
2m − β

(s)
j

∣∣∣ < r for some i0 + i � j � s for all s � s0 � i0 + 1. As above,

Gershgorin theorem shows that
{
β
(s)

i0+1 : i0 + 1 � s
}

has two possible accumu-

lation points λ′
2(m−1) and λ′

2m. Suppose that lim inf
i0+1�s→∞

β
(s)

i0+1 = λ′
2(m−1) < λ′

2m =
lim sup
i0+1�s→∞

β
(s)

i0+1and let λ′
2(m−1) = a(a+ 1)− k−√

k so that a is a zero of the entire

function lim
s→∞ s

1−√
kbs(a) of multiplicity n(a) � 1 by theorem A.8. Now the proof

of proposition A.7 shows that there exists some r2 > 0 such that for all 0 <

r � r2, |{1 � j � s : |λ′
2(m−1) − β

(s)
j | < r}| = n(a) for all s � s1 � s0 and

lim
i0+1�s→∞

β
(s)

i0+1 = λ′
2(m−1) which is absurd.
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Now theorem 2.4 and remark 2.5 and proposition 2.6 give the solution of
our Sturm–Liouville problem.

Theorem 2.7. The eigenvalues of the Sturm–Liouville problem are:

1. Eigenvalues for even solutions

λ = α0 + k +
√
k + lim

i�s→∞
β
(s)
i , for i � 1.

2. Eigenvalues for odd solutions

λ = α0 + k +
√
k + lim

i�s→∞
γ
(s)
i , for i � 1.

The eigenfunctions (φλ) form a Hilbert basis of L2([−1, 1]).

Appendix A

In this appendix, we put λ − α0 = a(a + 1) in equation (0.1) so that the
b’s and the c’s are polynomials in a and our purpose is to show that the two
sequence of polynomials {s1−√

kbs(a) : s � 1} and {s1−√
kcs(a) : s � 1} con-

verge uniformly on compact sets in the a-plane to non-trivial entire transcenden-
tal functions. We also determine the zero sets of these functions. This will enable
us to formulate theorem A.8. Let

Ps(a) = 1
(2s)!

∏s−1

t=0
((2t)2 + 2tM − λ′)and

Qs(a) = 1
(2s + 1)!

∏s−1

t=0
((2t + 1)2 + (2t + 1)M − λ′) so that we can write

s1−√
kbs(a) = s1−√

kPs(a)Rs(a) and s1−√
kcs(a) = s1−√

kQs(a)Ss(a).

Proposition A.1.

lim
s→∞ s

1−√
kPs(a) =

√
π

2�(1/2(
√
k − a))�(1/2(

√
k + a + 1))

and

lim
s→∞ s

1−√
kQs(a) =

√
π

2�(1/2(
√
k − a + 1))�(1/2(

√
k + a + 2))

.
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Proof. We shall prove the first formula and the second one is proved similarly.

s1−√
kPs(a) = −λ′s1−√

k

(2s)!

s−1∏
t=1

4t2
(

1 +
√
k − a

2t

)(
1 +

√
k + a + 1

2t

)

= 2s(s − 1)!
√
s − 1

1.3.5 . . . (2s − 1)
.
−λ′

4

s−1∏
t=1

(
1 +

√
k − a

2t

)
e−(√k−a)/2t

.

s−1∏
t=1

(
1 +

√
k + a + 1

2t

)
e−(√k+a+1)/2t .e

1
2M(1+ 1

2 +···+ 1
s−1 −log(s−1)).

(
s − 1
s

)√
k

→ �

(
1
2

)
.
−λ′

4
.

e−1/2γM

�(1/2(
√
k − a))�(1/2(

√
k + a + 1))

.
4

(
√
k − a)(

√
k + a + 1)

.e
1/2γM

as s → ∞ where γ is the Euler constant, hence our formula.

Proposition A.2. If a ∈ L compact ⊆ C − {√k + 2t,−√
k − 2t − 1 : t ∈ Z+}

then
∑∞

j=2

∑j−1
i=1

∣∣∣ α2i
θj−λ′ .

∏j−1
t=j−i

2t (2t−1)
θt−λ′

∣∣∣ � mL for all a ∈ L and If a ∈ L′ compact

⊆ C−
{√
k+2t+1,−√

k−2t−2 : t ∈ Z+
}

then
∑∞

j=2

∑j−1
i=1

∣∣∣ α2i
θ ′
j−λ′ .

∏j−1
t=j−i

2t (2t+1)
θ ′
t−λ′

∣∣∣ �
m′
L′ for all a ∈ L′.

Proof. We shall prove the first statement and the second one is proved similarly.
Let r = sup{|a| : a ∈ L} < ∞ and note that |2(t − 1)+ √

k − a| and |2(t − 1)+√
k + a + 1| � αL > 0 for all a ∈ L and t � 1.

Now 1
|θj−λ′| � 1

(2(j−1))2 .
1

|1+ M
2(j−1)− |λ′ |

(2(j−1))2
| � 1

2(j−1)2 for j � jL > 1 +√
1/2(r(r + 1)+ √

k + k).

Also
2t (2t − 1)
|θt − λ′| � 2t (2t − 1)

|(2(t − 1)+ √
k − a)(2(t − 1)+ √

k + a + 1)|
� 1

|1 − |
√
k − a − 2

2t
||.|1 − |

√
k + a

2t − 1
||
< 4 for t > tL >

√
k + r + 2 so that

2t (2t − 1)
|θt − λ′| � max

{
4, 2tL(2tL−1)

α2
L

}
= KL and

∞∑
j=2

j−1∑
i=1

| α2i

θj − λ′ .
j−1∏
t=j−i

2t (2t − 1)
θt − λ′ | �

∞∑
j=2

1
|θj − λ′|

j−1∑
i=1

|α2i |Ki
L
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� K ′
L

∞∑
j=2

1
|θj − λ′| since V is entire

� K ′
L

⎛
⎝ jL
α2
L

+
∑
j�jL

1
2(j − 1)2

⎞
⎠ � K ′

L

(
jL

α2
L

+ π2

12

)
� mL for all a ∈ L.

We shall need the following lemma.

Lemma A.3. Let {as : s � 1} and {icj : i, j � 1} ⊆ C and

As =

⎡
⎢⎢⎢⎢⎢⎢⎣

1 1cs−1 2cs−2 . . s−1c1

as−1 1 . . . .

. . . . .

. . . 2c1

. 1 1c1

a1 1

⎤
⎥⎥⎥⎥⎥⎥⎦
.

1. Let Ds(x) be the characteristic polynomial of As, s � 2, then Ds(x) sat-
isfies the following recurrence formula for s � 2

Ds(x) = (1 − x)Ds−1(x)+
s−1∑
i=1

ics−i(−as−i)(−as−i+1) . . . (−as−1)

Ds−i−1(x) and

D0(x) = 1,D1(x) = 1 − x.

2. Let Ds = detAs , then

(a) |Ds | �
s∏
j=2

(
1 +

j−1∑
i=1

|icj−iaj−iaj−i+1 . . . aj−1|
)

.

(b) If
∞∑
j=2

j−1∑
i=1

|icj−iaj−iaj−i+1 . . . aj−1| < ∞ then lims→∞Ds exists.

Proof. 1. Laplace expansion via the first row of Ds(x) = det(As − Ix) gives
the result.

2. Observe that every term in the expansion of Ds

occurs with the correct sign in the expansion of∏s
j=2

(
1 +∑j−1

i=1 icj−i(−aj−i)(−aj−i+1) . . . (−aj−1)
)

hence (a) follows.

Now suppose that
∑∞

j=2

∑j−1
i=1 |icj−iaj−iaj−i+1 . . . aj−1| < ∞, then
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lims→∞
∏s
j=2

(
1 +∑j−1

i=1 |icj−iaj−iaj−i+1 . . . aj−1|
)

exists. Therefore

|Dn+m −Dn| �
∏n+m
j=2

(
1 +∑j−1

i=1 |icj−iaj−iaj−i+1 . . . aj−1|
)

−∏n
j=2

(
1 +∑j−1

i=1 |icj−iaj−iaj−i+1 . . . aj−1|
)
< ε for n � n0,m � 1, hence

lims→∞Ds exists.

Proposition A.4. R(a) = lim
s→∞Rs(a) (respectively, S(a) = lim

s→∞ Ss(a)) is a mero-

morphic function with at most simple poles at E = {√k+ 2t,−√
k− 2t − 1 : t ∈

Z+} (respectively, at F = {√k + 2t + 1,−√
k − 2t − 2 : t ∈ Z+}).

Proof. We shall prove the first statement and the second one is proved similarly.
Proposition A.2, Lemma A.3 part 2b and the definition of Rs(a) show that

lims→∞ Rs(a) exists for all a/∈ E. Also for all L compact ⊆ C − E, proposition
A.2 and lemma A.3 part 2a give |Rs(a)| � expmL for a ∈ L, hence the Rs ’s
converge uniformly on compact sets in C−E to an analytic function there and it
suffices to show that 1

2πi

∫
σx
(a−x)rR(a) da = 0 for all r ∈ Z>1 and x ∈ E, where

σx is the loop θ → x+ρeiθ , 0 < ρ < 1/2. Observe that for all r � 1, (a−x)rRs(a)
is analytic in {a ∈ C : |a − x| < 1} for x ∈ E, hence 1

2πi

∫
σx
(a − x)rR(a) da =

lim
s→∞

1
2πi

∫
σx
(a − x)rRs(a) da = 0 by Cauchy theorem.

Corollary A.5.

1. R(a) = R(−a − 1) for a /∈ E and S(a) = S(−a − 1) for a /∈ F .

2. Re s
a=√

k+2t
R(a) = − Re s

a=−√
k−2t−1

R(a) and Re s
a=√

k+2t+1
S(a) = − Re s

a=−√
k−2t−2

S(a).

3. lim
Ima→±∞

R(a) = 1 = lim
Ima→±∞

S(a) uniformly for |Re a| � r, in particular

R and S are not identically zero.

Proof. We shall prove the statements about the R function. Similar proofs hold
for the S function.

Note that Rs(a) = Rs(−a − 1) for all a /∈ E and s � 1, hence we get (1).
Also Re s

a=√
k+2t

Rs(a) = − Re s
a=−√

k−2t−1
Rs(a) for all t ∈ Z+, s � 1 and for all x ∈ E

we have Re s
a=x

R(a) = 1
2πi

∫
σx
R(z) dz = 1

2πi

∫
σx
Rs(z) dz = lim

s→∞Re sa=x
Rs(a), hence

we get (2). Now suppose |Re a| � r, then 1
|θj−λ′| � 1

(j−1)2 for j � j0 � r + 1 and
2t (2t−1)
|θt−λ′| � 4

2|Ima| for t � t0 �
√
k + r + 2, hence 2t (2t−1)

|θt−λ′| � 2t0(2t0−1)
|Ima| = L

|Ima| for all
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t, |Im a| � 1. Lemma A.3 gives

|Rs(a)− 1| �
s∏
j=2

⎛
⎝1 +

j−1∑
i=1

∣∣∣∣∣∣
α2i

θj − λ′

j−1∏
t=j−i

2t (2t − 1)
θt − λ′

∣∣∣∣∣∣
⎞
⎠− 1

� exp
s∑
j=2

j−1∑
i=1

∣∣∣∣ α2i

θj − λ′

∣∣∣∣
(

L

|Im a|
)i

− 1

� exp
(

j0

|Im a|2 + π2

6

)(
|V |

(√
L

|Im a|

)
− |V |(0)

)
− 1,

where |V |(x) = ∑
ι�0 |α2i |x2i is an entire function, hence

|R(a)− 1| � exp
(

j0

|Im a|2 + π2

6

)(
|V|

(√
L

|Ima|

)
− |V|(0)

)
− 1 → 0 as

|Ima| → ∞ uniformly for |Re a| � r.

Proposition A.6. The polynomials
{
s1−√

kbs(a) : s � 1
} (

respectively,
{
s1−√

kcs(a) :

s � 1
})

converge uniformly on compact sets to a non-trivial entire transcenden-
tal function.

Proof. We shall prove the statement about the first set of polynomials. The
statement about the second set of polynomials is proved similarly.

Note that by propositions A.1 and A.4 lim
s→∞ s

1−√
kbs(a) exists for all a ∈ C

and {s1−√
kbs(a): s � 1} converge uniformly on compact sets ⊆ C − {√k +

2t,−√
k − 2t − 1 : t ∈ Z+} = C − E, hence it suffices by corollary A.5 to prove

that for all x ∈ E, |s1−√
kbs(a)| � Lρ < ∞ for |a− x| � 1/2ρ, 0 < ρ < 1/2, s � 1.

We have |s1−√
kbs(a)| =

∣∣∣ 1
2πi

∫
σx

s1−√
kbs(z)

z−a dz
∣∣∣ for |a − x| � 1/2ρ, s � 1 where

σx is the loop θ → x + ρeiθ , 0 < ρ < 1/2 so that |s1−√
kbs(a)| � Lρ as desired

if |s1−
√

kbs(z)| � 1/2Lρ for |z− x| = ρ, s � 1.
Next we turn to the determination of the zero sets of the entire functions

lim
s→∞ s

1−√
kbs(a) and lim

s→∞ s
1−√

kcs(a).
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Proposition A.7.

lim
s→∞ s

1−√
kbs(a) = 0 iff lim

s→∞ min
1�i�s

|a(a + 1)− √
k − k − β

(s)
i | = 0

iff lim inf
s→∞ min

1�i�s
|a(a + 1)− √

k − k − β
(s)

i | = 0 and

lim
s→∞ s

1−√
kcs(a) = 0 iff lim

s→∞ min
1�i�s

|a(a + 1)− √
k − k − γ

(s)

i | = 0

iff lim inf
s→∞ min

1�i�s
|a(a + 1)− √

k − k − γ
(s)

i | = 0.

Proof. We shall prove the first statement and the second one is proved similarly.
Let T (a1) = lim

s→∞ s
1−√

kbs(a1) �= 0 for 0 < |a1 − a| � r0, then by proposition

A.6, for all 0 < r � r0, s1−√
kbs(z) has no zeros on ∂�Br(a) for s � s0(r) and

1
2πi

∫
∂�Br(a)

T ′(z)
T (z)

dz = lim
s0(r)�s→∞

1
2πi

∫
∂�Br(a)

(s1−√
kbs(z))

′

s1−√
kbs(z)

dz. This together with the fact

that the map a → a(a + 1)−√
k− k is an open map shows that the zeros of the

T function are determined by the stated conditions.

Now we have the following theorem.

Theorem A.8.

1. lim
s→∞ s

1−√
kbs(λ

′) exists for all λ′ ∈ C and

lim
s→∞ s

1−√
kbs(λ

′) = 0 iff lim
s→∞ min

1�i�s
|λ′ − β

(s)

i | = 0

iff lim inf
s→∞ min

1�i�s
|λ′ − β

(s)

i | = 0.

2. lim
s→∞ s

1−√
kcs(λ

′) exists for all λ′ ∈ C and

lim
s→∞ s

1−√
kcs(λ

′) = 0 iff lim
s→∞ min

1�i�s
|λ′ − γ

(s)

i | = 0

iff lim inf
s→∞ min

1�i�s
|λ′ − γ

(s)

i | = 0.
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