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In this paper, we study the angular part of the internal amplitude function of a dia-
tomic molecule under an angular potential function depending only on cos 6 and which
is an entire even function on R. For the equation

L4 (009 1 (2= vicos 0) - ")y =0
sinf do do sin” 6 -
we obtain a formula for the eigenvalues and we determine the corresponding eigenfunc-
tions.

0. Introduction

We consider a diatomic molecule in the gas state. The time-independent
Schrédinger equation of a two-particle system is Ziz:l zﬁ—r:ivizw +(E-V)y =0
where E (resp. V) is the total (resp. potential) energy of the system. Separating
the motion of the center of mass under the assumption that the total energy E
is the sum of that of the system relative motion and that of the center of mass
translational motion and likewise the potential energy of the system is the sum
of the external potential acting on the system concentrated at its center of mass
and the internal potential which controls the interaction of the two particles we
arrive at the equation %Vzw + (E — V) = 0 where now, by abuse of notation,
E (resp. V) is the total (resp. potential) energy of the system relative motion and
Y, again by abuse of notation, is the internal amplitude function and u = %
is the reduced mass of the system.

We express the last equation in spherical coordinates r, 8, and we assume
the potential energy to be the sum of a central potential depending only on r
and an angular potential depending only on cos 6. By separation of variables we
concentrate on the angular dependence of the internal amplitude function which
takes the form [5, chapter 5]

P d (sin@dw +(x=Vicos o) - m )w—o
sin 6 do sin @ -
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524 G. Michael | Singular Sturm—Liouville problem

where m is the magnetic quantum number and v (resp. V(cos 8)) is now, again
by abuse of notation, the #-dependent amplitude function (resp. potential func-
tion). Substituting z = cos 6, we arrive at the equation

2
i((1 —2)Y) + (x — V() - — )w =0.
dz 1—2z2
We will give a detailed mathematical analysis of this equation when V is an
entire even function in R and we determine the eigenvalues and the correspond-
ing eigenfunctions. Note that this equation with a quadratic V is also obtained
on analyzing the Schrodinger equation of an electron in the field of two protons
at rest (the ion H,") [4, p. 279].
In mathematical terms our problem is to study the following Singular
Sturm-Liouville problem:

p@ q(z) —0. (0.0)

Determine all A € C such that w” + v - Zz)zw =

where p(z) = =2z, q(z) = —k — (V(z) — A)(1 — z?) with k > 0 and V(z) real
-valued entire even function in R, admits a non- trivial bounded complex-valued
solution ¢; in —1 < z < 1. These A’s are called the eigenvalues of the Sturm-
Liouville problem and the ¢,’s are the corresponding eigenfunctions. Note that
V(z) = Z@o an,z?" entire power series where ay, are real for n > 0.

The paper is divided into two sections. In section 1, we obtain a character-
ization of bounded solutions in terms of the corresponding eigenvalue in propo-
sition 1.2 and theorem 1.5. In section 2, the work in section 1 will enable us to
give a formula for the eigenvalues and the final solution of our problem is given
in theorem 2.7. There is an appendix A that contains some detailed computa-
tions that are needed for our final solution so as not to interrupt the presenta-
tion in the two sections.

1. Characterization of bounded solutions

We study equation (0.1) in the complex plane. Set w = (:ﬁ) and transform

equation (0.1) to the vector form

, 0o 1
W=\ —q@ -pe |w. (1.1)

(1-z2)% 1-22

According to the basic theory of linear differential equations the solutions
of equation (1.1) in the simply connected domain H = C—{x € R: |x| > 1} form
a two-dimensional vector spaces over C and {41} are regular singular points for

equation (1.1). We call any two linearly independent solutions u = Zl and
2
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v = z; of equation (1.1) fundamental solutions of equation (1.1) and (Z; 2)

a fundamental matrix of equation (1.1) and, by abuse of notation, we also call
u1, v; fundamental solutions of equation (1.1).
We study the solutions near —1. A similar argument holds near +1. Set

w
W=\ (14 w) % that

1 0 1
w; = —| - w; = AQR@w 1.2
W=1 <(£<ZZ))2 1— 117(_zz)>_1 (2w, (1.2)

and A(z) has a simple pole at —1. An application of Floquet theorem shows
that a fundamental matrix M(z) for (1.2) in {z € H : |z + 1| < 2} is given
by [1, p. 392] M(z) = S(z) €8 1°20+9) where S(z) is the restriction of an invert-
ible analytic matrix in {z € C : 0 < |z + 1| < 2} that has at most a pole at

(M0 A0
—1 and B = 0 s or 01

tion in {z € H : |z 4+ 1| < 2} of the form (z + 1)?v(z) where v is analytic in
{zeC:|z+ 1| <2} and v(—1) #0.
Substituting w(z) = (z + 1)?v(z) in equation (0.1) and comparing coeffi-

cients we obtain the indicial equation p(p — 1) + ,o”(Z) + G (ZZ))Z = 0atz =

—1, hence p = :I:%. Therefore, u;(z) = (1 + z)[/ZL(z) and vi(z) = (1 +
VR 2T (2) + cui(z)log(1 + z) with L, T analyticin {z € C : |z 4+ 1] < 2}
and both L(—1), T(—1) # 0, are fundamental solutions of equation (0.1) in
{ze H:|z+ 1| < 2}. Note that ¢ = 0 if k # m?, meZ+andc—1ifk—O
(since the Wronskian of a fundamental matrix is a non-zero multiple of ; 2)

In the next set of propositions we shall investigate the nature of the elgen-
values and the eigenfunctions of our Sturm-Liouville problem.

If 1 is an eigenvalue of our problem and if ¢; is a corresponding eigen-
function, then by the above analysis ¢, is the restriction to (—1, 1) of a solution
of the extension of equation (0.1) to the complex plane which is analytic in
H [2, p. 287].

so that equation (0.1) has at least one solu-

Proposition 1.1. Let A, ¢, be as above, then:
(a) ¢, is the unique such eigenfunction up to scalar multiplication.

(b) hirll #;(2)(1 — z2)~Y*/2 both exist and are non-zero.
—>

—1<z<l
In particular, ¢, extends by continuity to [—1, 1].

(© lim ¢, (@)1 (2) — ¢ ()n(2) =0

—l<z<l

(d) 1 eR.
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Proof. Assertion (a) is clear and we have ¢ (z) = (1 — 2)V¥2X(z) forz e {z e H :

1z—1] < 2}and ¢ (z) = (1+2)V¥2Y () forz € {z € H : |z+1| < 2} where X(resp. Y)

isanalyticin{z e C: [z — 1| < 2} (resp inf{zeC:lz+1] <2})and X(l) # 0 (resp.

Y(—1) # 0) so that hm ¢, (2)(1 — 2)V¥/2 and 11rn #,(2)(1 + 7)Y*/2 exist and are
71<z<1 71<z<1

non-zero, hence we have (b). Also ¢A(z)¢,\(z) ¢A(z)¢,\(z) =(1- z)f(X ()X (2) —

X'(2)X (z)) for —1 < z < 1 hence 111;11);%(2)(]5;(2) ¢, (2)¢:(z) exist.

Write equation (0.1) in the form (1 =2Hw) + (qu))zw = 0. Multiply this
equation by w and its conjugate by w, subtract the resulting equations and inte-
grate from r to r,0 < r < 1, we get (1 —r>)(W'w — ww)|", = (A — )_»)fjr w?dz.
Take limit as r — 17, then by the above we get (d). Now we may assume from
equation (0.1) that ¢; is real -valued for —1 < z < 1, hence (c) is clear. ]

Now we investigate the solutions of equation (0.1) in the unit disc U =
{z € C:|z] < 1} for any A € C. Let w = w(z,A) be such a solution and put
w = u(l — z2)Y*2 in equation (0.1) to get

(1 =" =2k + Dzu' — (V(2) + k 4+ vk — Lu = 0. (1.3)

Note that #(0) = w(0), and u is analytic in U. Let u(z) = ZS>0 a,7z° in U and
set by = ay; and ¢; = ay,y for s > 0. Substituting in equation (1.3) we get the
following two linear difference equations for all s > 0

s—1

25(2s — Dby — (25 = 2)* + M(25 = 2) = M)by_1 — Y _ cambsm—1 =0,
m=1
s—1

25 + D2sc, — (2s = 1P + M@2s = 1) = M)esm1 — Y domCsmt =0,

m=1

where M =2k + 1 and A = A — oy — k — k.
Solvmg this system of difference equations by Cramer’s rule we get
by det(B; — I))) and ¢, = det(Cy — I)) where

(ZY)' Qs+D)! +1)'
Oy -+ - -1y 0, -+ - as—1
as—l . o . . . a;_l . .. .
BS = , CS = )
(0%) <o (0%)
aj 91 ai 9{

a; = —2i(2i — 1), 0, =i —2)>+23G — )M and
a, = —2i(2i + 1), 6 = Qi -1+ Qi —1)M.
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Let ,B(S) (resp. yl(s)) < i < s, be the eigenvalues of By (resp. Cy) arranged
such that Re /3(‘) < Re ,32‘) < -+ < Re B9 (resp. Re yl(s) < Re yz(s) <. <
Re y®).

Let ¢o(z, A) = (1 — zz)‘/’;ﬂzs}o byz*, by # 0 and

o1z, A) = (1 — 22)*/];/212520 csz>, co # 0, then ¢y, ¢ is a fundamental sys-
tem of solutions of equation (0.1) in U.

Proposition 1.2. 1 eigenvalue for our problem iff either ¢o(z, 1) or ¢i(z, 1) is
bounded on (-1, 1).

Proof.  The if part is clear. Suppose that A is an eigenvalue for our problem then
we may assume that ¢, (z) = ¢1(z, 1) +b; ' ¢5.(0)¢o(z, 1) in U. If ¢, (0) = 0 we are
done, otherwise ¢p(z, L) = %(q&,\(z) + ¢35 (—2z)) 1s bounded on (-1, 1). O

According to propositions 1.1 and 1.2 we may assume that the eigenfunc-
tion ¢, (z) corresponding to the eigenvalue X is a real-valued continuous function
on [—1, 1] which is either even with ¢,(0) > 0 or odd with ¢;(0) > 0 and that
f_ll ¢f dz = 1. This determines ¢, (z) uniquely. We shall make this assumption
henceforth.

Now we turn to the characterization of the eigenvalues (theorem 1.5). We
shall need the following lemmas.

Lemma 1.3. Suppose that Zgo d,z** has a radius of convergence > 1 and that
this series is bounded on (-1, 1), then
1. iminf s Re d; <0, limsup s Re dy >0 and

§—00 §—>00

2. liminf s Im d; <0, limsup s Im d; > 0.

§—>00 §—00

In particular, if lim s d; exists it must equal to zero.

§—>00

Proof. Clearly we may assume d, real for all s. We will show that liminf s

§—>00

d; < 0 and a similar proof holds for the lim sup result.
Suppose liminf s d; > 0, then there exists some ¢ > 0 such that d; >

§—>00
s7lefor s > 59 > 1. Let My, = sup ‘Z“’ 'd,z>| and sup Z@Odyzzs‘ <
~1<z<1 —l<z<l
L < oo so that for all =1 < z < 1 we have L > ‘Zs%odszzs - M, >
€Y s, 12 — My, But Y57l > 2T 1(M + L) for some m > 1 so that
ZS‘H'/ms_lzzs > 2¢7 Y (M, + L) for 0 < 1—2z2 < 8§ < 1 which is absurd. O

=50
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Lemma 1.4. Let « > 0 and suppose f(z) = > 5(dsz 2 where the series has a

radius of convergence > 1 and lim s'~%d, = 0, then hrﬁ);(l — ) f@re?)y =0
§—> 00

uniformly for 0 < 6 < 2.

a—1 a—1

sls
a(a+1)...(a+s—1)

sls

Proof Since llm W

= I'(w), we have ’ ’ < L < oo for

s > 1.
Let & > 0 and let |s'~d,| < 57 fors > sp > 1 and max s -
<80
Y, —“(“H)"Ajf"‘“_l) < 3L£L1 (1 —r»*and |[(1 — rz)“do)ﬁ forO0<1—-68 <|r| <1so

. sl a—1 1 1 10 —
that |f(rele)| = ‘dO + Zs}l a(tx-&-lv)f.(a—‘rs—l) ) (O‘(U‘JF )S'(“JFS : ZY)eZIQYsl Dlds‘ < %(1 -

rH+ L (LIZSO 2etDats=D) 4 £ (] —rz)_"‘) <e(l—rH)for0 <1-5 <
|rl < landall0 <0 < 27r m]

Theorem 1.5. ¢o(z, ) is bounded on (-1,1) iff lim si—Vkp, (M) = 0 and ¢1(z, M) is
bounded on (=1, 1) iff lim s'~vk¢, (') = 0.

Proof-  We shall prove the first statement and the proof of the second one is similar.
= Suppose that ¢y (z, A') isbounded on (—1, 1) then A’ isreal and Zs>0 by(\)z*
is bounded on (—1, 1) by proposition 1.1. Now lemma 1.3 gives liminf sb; (1) <

0 and limsup sb;(2) > 0. By theorem A.§ Ilim sl_ﬁbs(k/) exists so that if

lim s'=V%b,()’) > 0 then by(X') > 0 fors > spand 0 < lim s!=V%p, (V) <
liminf sby()') < 0 which is absurd, and if lim sl_ﬁbs (1) < 0 then there exists

some ¢ > 0 such thatsl‘*/%bs()\/) < —cfors > s; and sby(\) < —csVk < —c for
s > 51 and lim supsb; (1) < —c¢ < 0 which is absurd also.

§—>00

< Suppose hm si=vVkp, (') = 0 then for £k > 0 lemma 1.4 gives h(in);(l —

PHVEY o by 7 = 0. Therefore, (1 — 2% > o0 b ()22 = (1 -2V g(z, 1)
and ¢y(z, A') has no unbounded terms near z = 1. If k = 0, let Z@o by(W)z® =
a1L(2) + ax(M(2) + L(z) log(1 + 2)) in U. Differentiating we get

(@

= Zsb \)z® =a1L'(z) + a2 (M (2) +

s>0

+L( ) log(1 +z))

and since lim sb;(1) = 0, lemma 1.4 gives li(ml)+(1 - ZZ)ZS)O sby(\)z* = 0 hence

ay = 0and ¢y(z, 1) isbounded near z = —1 and, by a similar argument, near z = +1
as well. o
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2.  Computation of the eigenvalues and eigenfunctions

In this section, we follow [3, p. 1473] and show that the eigenvalues form a
strictly increasing sequence of real numbers Ag < A; < --- < A, < --- such that
lim A, = oo and that ¢,, has precisely n zeros in (—1, 1), theorem 2.4. This will

n—oQ

enable us to formulate our final solution of the problem in theorem 2.7.

Let w_;(z, ) be a bounded solution of equation (0.1) near—1. Note that
w_1(z, A) has only finitely many zeros in (—1, 1), all are simple, since otherwise
these zeros would accumulate at +1 and w_;(z, A) cannot coincide near +1 with
any bounded or unbounded solution of equation (0.1). w we may also assume
that w_(z, A) is real-valued on (—1,1) for X real.

Let J, = {* € R: w_i(z, 1) has exactly n zeros in (—1, 1)} and write equa-
tion (0.1) } in the form

(1 = 2Hw) + g1 ()w = 0, (2.1)

—_q@
(1-22)2"

where ¢(z)

Proposition 2.1. Let .; < Az;A;, A2 € R and let x; be the smallest zero of
w_1(z, A1) in (—1,1),then w_;(z, ) has a zero in (—1, x;) and the nth zero of
w_1(z, A2) is less than the nth zero of w_;(z, A1) in (—1,1).

Proof. 'We shall prove the first statement. The second one follows from it and
the comparison theorem [1, p. 434].

Let w;, = w_1(z, A;), i = 1,2 and suppose w; and w, > 0 on (—1, x1). Mul-
tiply equation (2.1) for w; by w, and the same equation for w, by w;, subtract

and integrate from r to x1, —1 < r < x1, we get (1 — zz)(wiwz — wiw)|} =

(A — M)f:ﬂ wjw, dz. Note that li(mlﬁ(l — zz)wiwz = li(ml>+(1 — zz)w’zwl SO
z—(— 7= (—

that (1 — xP)w|(xDwa(x1) = (A2 — A "} wiw, dz > 0 while the L.H.S. is < 0

which is absurd. ]

Corollary 2.2.
1. Jo #09.
2. {neZ, :J, # 9} is unbounded above.
3. med,, e dy, n<m= A < A so that J, is an interval in R.
4. J, is a left open and right closed interval in R for all n > 0.

5. J, contains at most one eigenvalue for all n > 0.
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Proof. 1. Suppose that Jy = @ and let x; be the smallest zero of w = w_;(z, A)
for A < min 1V(x) in (—1,1). Multiply equation (2.1) by w and inte-

—1<x<

grate from r to x;, —1 <r < xy, we get (1 — zz)w/wlj‘1 > ( min V(x)—
—IxXx

M [ widz. As r — (=D *we get [ w?dz < 0 which is absurd.

2. Lethk <LeZy, thenforallneZ, qi(z.h) > —fEs+@m+L)(n+L+1)
for A > A, = A.(n). Note that w = (1 — zz)%éi—zL(PHLH(z)) is a solu-

tion for ((1 — zHw') + (—% +m+L+1Dm+ L+ 2)) w = 0, where
P.11+1(z) is the Legendre polynomial of degree n+ L + 1, so that w has
n+ 1 zeros in (—1, 1) and w_1(z, A) has at least n zeros in (—1, 1) for
A = A, by the comparison theorem [1, p. 434].

3. Suppose A} € J,, Ay € J,, n < m and Ay < A; then by proposition 2.1
w_1(z, A1) has at least m zeros in (—1, 1) which is absurd.

4. It suffices to prove that J, is right closed for all n > 0. Let
A =supJ, < oo by 2+ 3. Suppose A ¢ J, so that w_;(z, A1) has at least
n+1 zeros in (—1, 1). Since w_;(z, A) is analytic in UxC [2, p. 299] and
(w_1(z,A))”" =w_1(z,A) forz € U and » € R then for ’ € R, |[A—1/| <
r for some r > 0, w_;(z, ') would have at least n + 1 zeros in(—1,1) [2,
p. 248] which is absurd.

5. Suppose Aj, A, eigenvalues in some J,, n > 0, A; < A, and let w;,
i = 1,2, be the corresponding eigenfunctions. If n = 0, w; are even solu-
tions by proposition 1.2 for i = 1, 2, hence (1 — zz)(w/lwz - wéwl)l(ll =
(Ao — A1) 7, wiws dz gives (A — A1) 7, wiwz dz = 0 which is absurd. If
n >0, let —1 < x; <0 be the least zero of w; in(—1, 1) then, whether we
have even or odd eigenfunction according to the parity of n, by propo-
sition 1.2, wy would have at least n + 1 zeros in (—1, 1) by proposition
2.1 4+ the comparison theorem [1, p. 434], which is absurd. o

Now for all s > 1, define v, : | J, = (—1,1) by v;(1) = the sth zero of
nz=s

w_1(z,2) in (=1, 1).

Lemma 2.3. For all > 1

1. v, is a strictly decreasing continuous function.

2. Let A;,—; =inf | J,, then lim +vs()») = +1 and J; # Q.

n>s A= (As—1)

3. Alim vs(L) < 0.
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Proof. 1. Clearly vy is strictly decreasing by proposition 2.1 and the analyticity
of w_i(z,A) on UxC [2, p. 299] shows that v is upper semicontinuous
by [2, p. 248]. Let 49 € |J J, and A9 < A, then for all A’ < A we have

nz=s
v () > vi(A) by proposition 2.1, hence [2, p. 248] shows further that v,
is lower semicontinuous.
2. If s = 1 suppose that N 1i<rkn) vi(A) = a < 1 hence w_;(a, 2p) = 0 and
— (2t
Ao = sup Jo which is absurd.
Let A9 < A and let x be the largest zero of w_;(z, A) in (—1, 1), then there
exists Ag < A1 < A such that x < vi(A)) < 1 and A € J; by the compari-

son theorem [1, p. 434]. Assume by induction that . l(am )+v5 (A) =+1and

Jy £ O for s < 59, 50 > 1. If li(m)+vso+1()») =a < 1, then Ay, = sup J,,
A— )‘fo

and w_i(a, Ay) = 0 and vy 11(X) < vy (Ay,) for all A > Ay, since otherwise

Vo (Asy) < Vg1 (1) for some A > Ay, gives v, (Ag,) < a and A, € J, for

some n > sy + 1 which is absurd.

Let m < min(v;(Ay) + 1, 1 — v5,(Ay,)), then by 1+[2, p. 248] there exists
some r > 0 such that for all A,, < A" < X, + r all the zeros of w_;(z, ) in
(—1, vy (As,) + m) belong to (vi(As,) — m, vs,(As,) + m) and they are exactly
so in number which is absurd for A;, < XA by the above.

Now the same argument as in the s = 1 case shows that J5, 41 # Q.

2L

3. Letk < L € Z, and note that %PZMzLﬂ(z) has n 4+ 1 zeros in (—1, 0),
hence, by the comparison theorem [1, p. 434], w_1(z, ) for A > A, has at
least n zeros in (—1,0) as in corollary 2.2 part 3 and v, (A) > 0 for A > A..

O

Theorem 2.4. The eigenvalues form a strictly increasing sequence of real numbers
Ao < A] < -+ < A, < --- such that lim A, = oo and the corresponding eigen-

function ¢, has exactly n zeros in (—n f°1°) for all n > 0.

Proof. It suffices by corollary 2.2 and Lemma 2.3 to show that each J, contains
an eigenvalue.

By lemma 2.3 for all s > 1 there exists some A} such that v;(A}) = 0 and
w_1(0, 1) = 0 so that w_;(z, A}) = ¢1(z, A}) and A7 is an eigenvalue. Note that
w_1(z, A}) has2s — 1 zerosin(—1, 1) and A7 € Jo;_;. Nowfors > lletAjand A}, , be

the eigenvalues in Jy,_1 and Jy4 1, respectively, then w_(z, A) = w_1(z, A7, ) =0

hence there exists some 4] < A < A}, such that w’ (0,4) = 0and w_i(z,A) =
¢o(z, A) and A eigenvalue € J;.
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Suppose that w’ (0, 1) has no zeros for A < A} and let w’ (0, 1) > 0 for
A < Aj, then since w_;(0, A7) = 0 we have w’ (0, Y)w_1(0,1) < 0 for A < A}.
Let w = w_;(z, A) and multiply equation (2.1) by w and integrate from r to O,
—1<r<0,weget(1—2)ww|®> < 1ngin<1 V(x) —A) fro w?dzandasr — (-t

we get w' (0)w(0) > (_}I<11xn<1 Vx) — A) ff)l w?dz > O0forx < _{nixn V (x) which is

absurd if A < A7. =

Remark 2.5. The eigenfunctions (¢,) actually form a Hilbert basis of L2([—1, 1]).
This can be seen as follows.

Let D = {w € C?((—1, 1)) : w, (1 — x>)w’, (1 — x*)>w” all extend by conti-
nuity to [—1, 1]} and define the linear operator L : D — C([—1, 1]) by

Lw = [((1 —xHw') — k(1 — x)™' 4+ V(x) — 20 + Dw](l — x?).

Note that ker L = 0 and that D is dense in L*([—1, 1]).
Let w_i(x, A) (respectively, w;(z, 1)) denote a bounded solution of equation
(0.1) near —1 (respectively, +1) and construct the Green function

cw_1(x, A0 — Dwi(y,20—1), x<y<l }

G(x’y):{cw1(y,)»0—1)w1(X,)xo—1) —I<y<x

where (1 —x?)(w}(x, ko— Dw_1(x, A\g— 1) —wi(x, kg— Dw’  (x, 19— 1)) =non-zero
constant= ¢! ,

P+ ) YR 2ug (v, 1)

(1 F y)vh2

Observe that k41 (L) = / dy < oo and let

-1

1 1
k(A) = max(k_;(L), k(L)) so that / dx/ |G (x, y)|2dy
-1 ~1
1 X
= sz dx[/ lw_1(y, Ao — Dwi(x, 2o — D|*dy
-1 -1

1
+/ w_1 (x, o — Dwi (v, 2o — DPdy]
< k(o= 1)
X/1 (1 + )V 2w (x, A — 1)
-1

(1 — x)vki2
<2 k(o — 1))? < 00

2 2
(1 —x)V*2w_ (x, 20 — 1)

(1 4 x)vki2

dx

and G defines a compact operator, which we also denote by G, on L*([—1, 1])
via f — fll G(x,y)f(y)dy. Note that if f is a continuous function with com-
pact support in (=1, 1), then G(f) € D hence G(L*([—1,1]) € D [2, p. 318] and
for all f € L*>([—1,1]) we have LG(f) = (1 —x?) f and ker G = 0.
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Now A eigenvalue with eigenfunction ¢, iff L, = (Ao — 1 — A)(1 —x?)¢,, iff
(ko — 1 — 1)~ eigenvalue of G with eigenfunction ¢, hence (¢,) form a Hilbert
basis of L>([—1, 1)) [2, p. 331].

Proposition 2.6. Foralli > 1, lim ,B(S) (respectively, hm y(s)) exists and {1},
l — 0

i<s—o00

n>0}= { lim B :i 1} (respectlvely, My 102 0)= { lim p:i> 1})

i <s—>00 i <s—>0

Proof. We will prove the statement about the B’s and the statement about the
y’s is proved similarly.
Note thatif lim ,8.(5) exists for all these must be even eigenvalues by theorem’s

i<s—>00

1.5 and A.8 and we have Ilim ,3(“‘) < lim ,B(S) for 1 < i < j so that an even

i<s—>00 i<s—o00

eigenvalue is really lim g’ ®) for some i > 1 by theorems A.8 and 1.5 again, hence

i<s—>00

it suffices to prove that lim ,8(” exists foralli > 1.

i<s—o00

Fori = 1let A, be the minimum eigenvalue by theorem 2.4 so that by Theorems
1.5and A8 forallr > 0, |A; — ,B(S)| <rforsomel < j <sandforalls > sy > 1,
hence |A{ — ,B(S)| < rforalls > 51 > s since otherw1se we have 2@ — 1))> 4+ 2( —
1)M—2(z—1)(21 3)— 2121 |ozzj| > My fori > ipand Gershgorin theorem shows that
for some subsequence s,,,, ﬁl(s’") converge to x where |[x — Aj| > ro > 0 and Rex < A
so that by theorem’s 1.5 and A.8 and Proposition 1.1 we get x <Ay —ro < A Which
is absurd by choice of A;,.

Assume by induction that lim;<,—, ,Bl.(” exists for i < ig,ip = 1 and let

m = lim B“ : i <iptlsothat (A, :0<n<m—-1}= lim BY :i <
[ < s v <[ o

i<s—o0 i<s—>o0
io}. theorems 1.5 and A.8 and Induction hypothesis show that for all 0 < r <
/ (s)
)\'Zm - lB/

1, < r for some ig+i < j < s forall s > 59 > ip+ 1. As above,

Gershgorin theorem shows that { ﬂ(s) tip+1 < } has two possible accumu-
lation points 1), and A} . Suppose that liminf /3( = Moty < My =
(m=1) iv+1<s—o00 (m— m

lim sup ,8(” jand let 25, =a(a+1)—k— Vk so that a is a zero of the entire

ip+1<s—>00

function lim s!~kp, (a) of multiplicity n(a) > 1 by theorem A.8. Now the proof
§—>00

of proposition A.7 shows that there exists some r, > 0 such that for all 0 <

r< I << s i gy — B < 1}l = n) foralls > s > s and

lim BY

2=\ which is absurd. O
iy+1<s—>o00 lBl0+l 2(m=1)



534 G. Michael | Singular Sturm—Liouville problem

Now theorem 2.4 and remark 2.5 and proposition 2.6 give the solution of
our Sturm-Liouville problem.

Theorem 2.7. The eigenvalues of the Sturm—Liouville problem are:

1. Eigenvalues for even solutions

A=ao+k+vk+ Lim BY | fori>1.

i<s—>o0

2. Figenvalues for odd solutions

k:ao—l—k—i—«/z—i—_lim yl.(s) Jfori > 1.

i<s—>00

The eigenfunctions (¢,) form a Hilbert basis of L?([—1, 1]). o

Appendix A

In this appendix, we put A — @y = a(a + 1) in equation (0.1) so that the
b’s and the ¢’s are polynomials in a and our purpose is to show that the two
sequence of polynomials {s'"Y¥b,(a) : s > 1} and {s'V%c,(a) : s > 1} con-
verge uniformly on compact sets in the a-plane to non-trivial entire transcenden-
tal functions. We also determine the zero sets of these functions. This will enable
us to formulate theorem A.8. Let

S

~ etk

1
Os(a) = m

s'"V¥by(a) = s"VEP(@)Ry(a) and 5"V (a) = s'VEQ,(a) S (a).

P,(a) ;; (20)> + 2tM — )))and

s—1
1_[’_0 (2t + 1)* 4+ (2t + DM — 1) so that we can write

Proposition A.1.

lim s'V*P(a) = il
s = Ak — a2+ a+ 1)
and
Jr

lim s'v*Q,(a) = .
A ) = S Ak —at D2k +at )
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Proof:  We shall prove the first formula and the second one is proved similarly.

WtV f Vk+a+1
1-vk a a
Ky P(a) = (2 1 E4t ( ><1+—2t

2 —=DWs—1 =V ﬁ (1 n vk = a) o~ (VE-a)/2
2t

T 135025 — 1)‘Tt:1

s

i_[ (1 + M) o~ (VEta+D)/2 o IM(14+5++7 L —log(s—1)) (s — 1)
' 2t ‘ o B

t=1

(1) -y e~ rM 4 Ly e
->I{<z).—. . el
2) 4 T0hpWk —a)T(p(Wk+a+1) Wk—a)Wk+a+1)

as s — oo where y is the Euler constant, hence our formula. O

Proposition A.2. If a € L compact CC—-—(Wk+2t,~Vk—2t—1:1teZ)
then 377, P | gl | 2’9(,2;,1) <my foralla € L and If a € L’ compact

c c—{ﬁ+2r+1,—f —2-2:ite Z+} then 3752, Y77 |55 TTZ), 2252 | <
m}, for all a e L'.

Proof. 'We shall prove the first statement and the second one is proved similarly.
Let r = sup{la| : a € L} < oo and note that |2(t — 1) + vk —a| and [2(t — 1) +
\/%+a+1|>aL>0forallaeL and r > 1.

1 1 1 1 . .
NV BT S 0 g S ey O 2 =
1200+ 1) + VE+ ).
212t — 1 2t (2t — 1
Also ( )< ( )

16— 2] \{(z(t—1)+¢%—a)(2(r—1)+ﬁ+a+1)|
< <4 fort>1, >k+r+2 so that
noYkoa=2 o Ykta, )

2t ' 2t — 1

2D ax 4, 20200) Z g, and
|9t — )\,/l B ’ ai - L
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o0

1

<K, ——— since V is entire

L2 16 = ¥
j=2
<K j—L+Z; <K, j—L+”—2 <my forallaeL.
al = 2(j—1)? o 12
JZijL
We shall need the following lemma. o

Lemma A.3. Let {a, : s > 1} and {ic; : i, j > 1} € C and

1 1cs—1 20520 . 5101
g1 1
A, =
. .20
1 1C1
ag 1

1. Let Dy(x) be the characteristic polynomial of A;,s > 2, then Dy(x) sat-
isfies the following recurrence formula for s > 2

s—1
Ds(-x) = (1 - X)Ds—l(x) + Zics—i(_as—i)(_as—i-‘rl) cee (_a‘v—l)
i=1
Dsfifl(x) and
D()(x) = 1, Dl(x) =1-—x.

2. Let D, = detA,, then
i1

s j
(a) |Ds] < J1 (1 + > licj—iaj—iaj_iq1 .. «aj—l|)~
j=2 i=1

oo j—1
(b) If Z Z |,'Cj_iaj_,'aj_,'+1 .. .aj_1| < 0o then lims_mo Dy exists.
j=2i=1
Proof. 1. Laplace expansion via the first row of D;(x) = det(A; — Ix) gives

the result.

2. Observe that every term in the expansion of Dy
occurs  with  the correct sign in the expansion  of

]_[js:2 <1 + Z{;l ici—i(—aj_i)(—=aj_iy1) ... (—aj,1)> hence (a) follows.

i—1
Now suppose that Zfiz Zjizl |icj_iaj,iaj,,~+1 ...aj_i| < oo, then
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lim,_, ]_[1 2<1+Zl | licj— la] At - aj_1|> exists. Therefore
+
|Dyym — Dyl < l_[n > (1+Z] 1 |zC] iadj—idj—iy1 - aj—l|)

—]_[] 2<1+Zl | licj—iaj—iaj_iq1. aj_1|> < ¢ forn > ng,m > 1, hence
lim,_, o D; exists. O

Proposition A.4. R(a) = lim R;(a) (respectively, S(a) = lim S;(a)) is a mero-
§—>00 §—> 00

morphic function with at most simple poles at E = {vk+2t, —vVk—2t—1:t €
Z.) (respectively, at F = {(Vk+2t+ 1, -k —2t —2:t € Z.}).

Proof. We shall prove the first statement and the second one is proved similarly.

Proposition A.2, Lemma A.3 part 2b and the definition of R;(a) show that
lim_, o, Ry(a) exists for all a¢ E. Also for all L compact C C — E, proposition
A.2 and lemma A.3 part 2a give |R;(a)| < expm, for a € L, hence the R’s
converge uniformly on compact sets in C—E to an analytic function there and it
suffices to show that 2m f (a—x)"R(a)da =0 for all r € Z.1 and x € E, where
o, 1s the loop 6 — x+pe’9 0 < p < 1/2. Observe that for all r > 1, (a—x)" Ry(a)
is analytlc in{a e C:|a—x| <1} for x € E, hence 71”. fgx (a —x)"R(a)da =
hm — f (a — x)" Ry(a)da = 0 by Cauchy theorem. O

Zm

Corollary A.5.

1. Ra) = R(—a—1) fora ¢ E and S(a) = S(—a—1) fora ¢ F.

2. Res R@=— Res R(and Res Sa=— Res S(a).
a=+/k+2t a=—+k—2t—1 a=vk+2t+1 a=—~k—2t-2

3, lim R(a)=1= Ilim S(a) uniformly for |Re a| < r, in particular
Ima—+o0 Ima—+o0

R and S are not identically zero.

Proof. 'We shall prove the statements about the R function. Similar proofs hold
for the S function.
Note that R;(a) = Ry(—a — 1) for all a ¢ E and s > 1, hence we get (1).

Also Res Ry(a) =— Res Ry(a) forallteZ,,s>1andforallxekE
a=vk+2t a——f 2t—1
we have Re s R(a) = 2m f R(z)dz = 2m f R (2) dz = hm Re s R,(a), hence
a=x —00 a=x
we get (2). Now suppose |Re a| < r, then ﬁ < (j_l) for Jj=jo= r+1 and
]
2t(2t—1) 2t (2t—1) 2t0(2t0—1) __
oo S 2|Ima\ for t >ty > vk +r + 2, hence o S Timal “mal for all
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t,|Im a| > 1. Lemma A.3 gives

s j—1 j—1
o 2t(2t — 1)
|R(a)_1| l_[ 1+ZQ b l_[ Qt_)\/ -1

where [V[(x) = Y5 laxr|x* is an entire function, hence

. 2 L
R@) -1 <exp -2~ +Z ) (vi[.]—=—) = vi0)) =1 > 0 as
|ImCl|2 6 |Ima|

|[Ima| — oo uniformly for |Re a| < r.

Proposition A.6. The polynomials {slf‘/’;bs (@) :s > 1} (respectively, {slf*/’;cs(a) :

s > 1}) converge uniformly on compact sets to a non-trivial entire transcenden-
tal function.

Proof:  We shall prove the statement about the first set of polynomials. The
statement about the second set of polynomials is proved similarly.
Note that by propositions A.l1 and A.4 lim s'=Vkp(a) exists for all a € C

§—> 00
and {slfﬁbs(a): s > 1} converge uniformly on compact sets € C — {k +
2t, =~k —2t —1:t e Z,} = C — E, hence it suffices by corollary A.5 to prove
that for all x € E, |s'V¥by(a)| < L, < 0o for [a —x| < 1/2p,0 < p < 1/2,5 > 1

We have |s1“/Eb (a)| = ‘L Mdz‘ for |a — x| < 1/2p,s > 1 where

z—a

o, is the loop 0 — x + pe’?, 0 < p < 1/2 so that |s'~ fb (a)] < L, as desired

if 151-VKp(2)] < 1/2L, for |z —x| =p,s > 1.

Next we turn to the determination of the zero sets of the entire functions
lim sl_ﬁ‘bs(a) and lim sl_ﬁcs(a). ]
§—> 00 §—> 00
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Proposition A.7.

lim s'- fb(a)—Olff hmlréng la(@a +1) — vk —k — ,8()|=0

5§—>00

iff liminf 1rznn la(a +1) — Vk —k — ﬂ(y)l =0 and

§—00 <i<S

§—>00

lim s'=V*¢,(a) = 0 iff hm 1nmn la@+ 1) — vk —k — yl(s)l —0

<isS

iff hm inf min |a(a+1) — vk —k — yl(s)l =0.

§—>00 \z\s

Proof:  We shall prove the first statement and the second one is proved similarly.
Let T(a;) = lim slfﬁbs(al) # 0 for 0 < |a; — a| < ry, then by proposition
§—>00

A6 forall 0 < r < ro, slf*/zbs(z) has no zeros on 9B,(a) for s > so(r) and

T@Qd, — i 1 b @) - -
7 Ji.@ Todz = lim =[5 i o dz. This together with the fact

so(r)<s—>o0

that the map a — a(a + 1) — vk —k is an open map shows that the zeros of the
T function are determined by the stated conditions. m]

Now we have the following theorem.

Theorem A.8.
1. lim s!=Vkp, ()) exists for all A’ € C and

§—> 00
lim s'=V%p,(x') = 0iff lim  min [V — 8| =0
§—00 s—>o0 1<i<s

iff iminf min |\ — ﬂi(s)| =0.

§—>00 1<i<s

2. lim 5!k, (\)) exists for all A’ € C and

§—>00

lim s'~VEe, (V) = 0iff lim min |3 — | =0

§—>00 s—>00  1<i<s
iff iminf min |\ — yi(s)| =0.
§—00 I1<i<s
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